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ON INVOLUTIONS IN SYMMETRIC GROUPS AND A 
CONJECTURE OF LUSZTIG 

JUN HU AND JING ZHANG 


Abstract. Let (TV, S') be a Coxeter system equipped with a fixed automor¬ 
phism * of order < 2 which preserves S. Lusztig (and with Vogan in some 
special cases) have shown that the space spanned by set of “twisted” involu¬ 
tions (i.e., elements w ^ W with w* = w~^) was naturally endowed with a 
module structure of the Hecke algebra of (W, S) with two distinguished bases, 
which can be viewed as twisted analogues of the well-known standard basis and 
Kazhdan-Lusztig basis. The transition matrix between these bases defines a 
family of polynomials Py^^j which can be viewed as “twisted” analogues of 
the well-known Kazhdan-Lusztig polynomials of {W,S). Lusztig has conjec¬ 
tured that this module is isomorphic to the right ideal of the Hecke algebra 
(with Hecke parameter u^) associated to (IT, 5) generated by the element 
Xq := In this paper we prove this conjecture in the case 

when * = id and W = &n (the symmetric group on n letters). Our methods 
are expected to be generalised to all the other finite crystallographic Coxeter 
groups. 


1. Introduction 

Let (TV, S) be a fixed Coxeter system with length function ^ : TV —>■ N. If w G TV 
then by definition 

£(w) := min{/c|w = ... Si^. for some Sij,..., € S}. 

Let “<” be the Bruhat partial ordering on TV. Let be a fixed automorphism of 
TV with order < 2 and such that s* £ S for any s £ S. 

1.1. Definition. We define 

:= {w £ W \ w* = 

The elements of will be called twisted involutions. 

If * = idw (the identity automorphism on TV), then the elements of will be 
called involutions. 

Let V be an indeterminate over Z and u := Set A := Z[m,u“^]. Let Tiu 
be the Iwahori-Hecke algebra associated to (TV, S) with Hecke parameter and 
defined over A. By definition, Hu is a free A-module with basis {Tuj}wew- There 
is a unital A-algebra structure on Hu with unit Ti and such that 

TujTu)' = Tuiui' if £{ww') = i{w) + i{w'); and 

{Ts + l)iTs - u^) = 0 for all sG S'. 

Let M be the free A-module with basis {au]\w £ /*}. The following result was 
obtained by Lusztig and Vogan ([8]) in the special case where TV is a Weyl group 
or an affine Weyl group, and by Lusztig ([6]) in the general case. 
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1.2. Theorem. (^[8], [6, Theorem 0.1]j There is a unique Hu-module structure on 
M such that for any s G S and any w G I* we have that 

TsUw = uuw + (m + l)osto if sw = ws* > w; 

Tsttw = {v^ — u — l)aw + {v^ — u)asw if sw = ws* < w; 

Tsayj = asws- if sw ^ ws* > w; 

Ts<lw = — ^)o.w + y^Clsws* if sw ^ ws* < w. 

Set A := Ij[v, v“^]. Then A can be naturally regarded as a subring of A because 
u = v"^. Let 2L ■= A 'Hu- Let — : ^ ^ be the ring involution such that 

yu — y-n £pj. g denote hy — : TL ^ H the ring involution such that 

v"'Tx = v~^T~\ for any x G LL, n € N. Then ” restricts to the unique ring 
involution of TLu such that for any a; G IT, n G N (cf. [5]). 

In [8] and [6, Theorem 0.2], Lusztig and Vogan have shown that there exists a 
unique Z-linear map — : M —>■ M such that hm = hm for all h G TLu, m G M 
and 111=01. For any m G M, m = m. Moreover, for any w G T, = 

Set M- '■= Ai ®A M. The map : M —>■ M” can be naturally extended to a 
Z-linear map — : M M such that u"m = v~'^rn for m G M_, n G Z. For each 
w G h, Lusztig and Vogan have proved further that there is a unique element 

^ G M, 

yGl* 

where G Z[u] such that = A^, P^^^ = 1 and for any y G /*, y < w, we 
have AegPyy^ < (£(w) — £{y) — l)/2. Furthermore, the elements {A^w G /*} form 
an ^-basis of M. The polynomials PZ^w can be viewed as a twisted analogue of 
the well-known Kazhdan-Lusztig polynomial Py^w of (LF, S') ([5]), and the ^-basis 
{AAw G /*} can be viewed as a twisted analogue of the well-known Kazhdan- 
Lusztig basis CZ ([5, l.l.cj). 

1.3. Definition. ([7]) Define 

V0 := ^ 

xGW.,x* —X 

Let Q(u) be the field of rational functions on u. Set := Q(m) (g)^ TLu- 

In [7, 3.4(a)], Lusztig proposed the following conjecture: 

1.4. Lnsztig’s Conjecture. (\J, 3.4(a)] j With the notations as above, there is 

a unique isomorphism of -modules rj : Q{u) (8)^ M = such that 

fli I—)' Xijj. 

The purpose of this paper is to give a proof of this conjecture in the case when 
* = idvu and W is the symmetric group 6„ on n letters (i.e., the Weyl group of 
type An-i) for any n G N. Our methods are expected to be generalised to all 
the other finite crystallographic Coxeter groups. The case when * = idw and W 
is the Weyl group of types and will be dealt with in forthcoming papers. 
As a byproduct of this paper, we show that any two reduced /^.-expressions for 
an involution in ©„ can be transformed into each other through a series of braid 
/*-transformations, which can be viewed as a “twisted” analogue of a well-known 
classical fact of Matsumoto ([!□]) which said that any two reduced expressions for 
an element in ©„ can be transformed into each other through a series of braid 
transformations. 

The paper is organised as follows. In Section 2, we first recall some preliminary 
and known results (due to Hultman) on reduced /^.-expressions for twisted invo¬ 
lutions, then we introduce a new notion of braid /^.-transformations and show in 
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Lemma 2.14 that any braid /^-transformations on reduced /^-sequence for a given 
involution in ©„ do not change the involution itself. We also give a number of 
technical lemmas which will be used in the next section. In Section 3, we prove 
in Theorem 3.1 that any two reduced /*-expressions for an involution in 6„ can 
be transformed into each other through a series of braid /^-transformations. This 
key result will play a central role in the proof of the main result Theorem 5.5. In 
Section 4, we use the Young seminormal bases theory for the semisimple Iwahori- 
Hecke algebra of type A„-i to show that the dimension of is bigger or 

equal than the number of involutions in W. The main result of this paper is given 
in Section 5, where we prove Lusztig’s Conjecture 1.4 in the case when * = idw 
and W is symmetric group ©„ for any n S N. 
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2. REDUCED /*-EXPRESSIONS 

In this section we shall give some preliminary and known results on reduced 
/^-expressions for twisted inviolutions. 

2.1. Definition. For any ii; S /, and s € S, we define 

{ sw if sw = ws*; 
sws* if sw ^ ws*. 

For any w € h and , • • • , Sjj, € S, we define 

Sii K K ■ • • K S^^ tK W := S„ K K • • • K {Si^ K w) • • • ) . 

2.2. Lemma. For any w € h and s € S, we have that 

s K (s K w) = w. 

Proof. If sw = WS*, then s « w = sw. In this case, s(sw) = w = {sw)s*, so by 
definition, 

S K (s K w) = S K (sw) = W. 

If SW ^ WS*, then s k w = sws*. Now s(sws*) = ws* ^ sw = {sws*)s*, so by 
definition, 

S K (s K w) = S K {sws*) = s{sws*)s* = W. 

This completes the proof of the lemma. □ 

2.3. Remark. In general, the operation k : S x R ^ R does not extend to a group 
action of W on /*. For example, let IF = 64 (the symmetric group on {1,2, 3,4}), 
w = S 2 = (2, 3), then 

Si K (s 2 K (si K w)) = 1 S 2 S 1 S 2 = S 2 X (si K (s 2 K w)). 

It is well-known that every element w € R is of the form w = sq k sij k • • • k s^ 
for some fc G N and sq, • • • ,54 G S. 

As we shall see later in this paper, the main obstacle for the failure of a group 
action in the example given in Remark 2.3 is the fact that si k (s 2 k (si k w)) is 
not a reduced /*-expression in the sense of the following definition. 

2.4. Definition. ([3],[4]) Let w € R. If w = sij k sij k • • • k s^, where fc G N, 
Si^ G S for each j, then (sj^, • • • , s^) is called an /^-expression for w G R. Such an 
/,-expression for w G R is reduced if its length k is minimal. 
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We regard the empty sequence () as a reduced /*-expression for w = 1. If follows 
by induction on £(w) that every element oi w G h has a reduced /*-expression. 

2.5. Lemma. f[3],[4]j Let w G I^:. Any reduced It,-expression for w has a common 

length. Let p : N 6e the map which assign w G h to this common length. 

Then (/*,<) is a graded poset with rank function p. Moreover, if s G S then 
p{s K w) = p(w) ± 1, and p(s x w) = p{w) — 1 if and only if £{sw) = £{w) — 1. 

2.6. Corollary. Let w G h and s G S. Suppose that sw ws*. Then £{sw) = 
£{w) + 1 if and only if £{ws*) = £{w) + 1, and if and only if £{s k w) = £{w) + 2. 
The same is true if we replace “+ ” by ”. 

Proof. This follows from Lemma 2.5. □ 

2.7. Corollary. Let w G h and s G S. Suppose that p(w) = k. If sw < w then w 

has a reduced It.-expression which is of the form s x x • • • x . 

Proof. This follows from Lemma 2.5 and the fact (Lemma 2.2) that w = s x (s x 
w). □ 

2.8. Definition. Let w G h and • • • , Sjj, G S. If 

p{si^ X Sj 2 X ■ • ■ X X w) = p{w) + k, 

then we shall call the sequence (si^, • • • , , w) reduced, or (sj^ ,•••, , w) a re¬ 

duced sequence. 

In particular, any reduced /^-expression for w G P is automatically a reduced 
sequence. In the sequel, by some abuse of notations, we shall also call (zi, • • • ,ik) 
a reduced sequence whenever - ,5^) is a reduced sequence in the sense of 

Definition 2.8. 

2.9. Remark. Let • • • , G S and 1 < a < /. We shall use the expression 

(2.10) Sii X • ■ • X X X ■ • • X 

to denote the element obtained from omitting x” in the expression x • • • x . 
In particular, if a = 1 then (2.10) denotes the element Sjj x • • • x while if a = fc 
then (2.10) denotes the element x • ■ • x This convention will be adopted 

throughout this paper. 

2.11. Proposition. (Exchange Property, [4, Prop. 3.10]J Suppose {si„,--- ,Si^) is 
a reduced Iexpression for w G P and that p{s x x x • • • x ) < fc for some 
s G S. Then 

S tK Si,^ tK Si^ tK ■ ■ ■ K S,.^ = Si,^ K S^^ K ■ ■ ■ K X X • • • X 

for some a G {1,2, - ■ ■ ,k}. 


From now on and until the end of this paper, we assume that W = ©„, 
the symmetric group on n letters, where n G N. Moreover, we assume that 
“* = id” is the identity map on 6n- In particular, 

P = {w G = 1} 

is the set of involutions in ©„. For each 1 < z < n, we define 

Si := (i,i + 1). 

In this case, if zc = 1 (the identity element of ©n), then by definition for any 
sGS, 


sxzy = sxl = s. 
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2.12. Definition. Let w € /*. By a braid /^-transformation, we mean one of the 
following transformations: 

(^Zl 5***5 ^ia 5 5 ^i + 1 5 5 5 * * * 5 ^ 

(^Zl 5 * * * 5 ^Za ? '^i+1 5 ? '^i+1 5 5 * * * 5 5^)5 

(^Zl 5***5 ^ia 7 '^i+1 5 5 '^i+1 5 5***5 ^ 

(^Zl 5 * * * 5 ^Za 5 5 ^J + 1 5 5 5 * * * 5'^/t5^)5 


(^Zl 5 ^Z2 5***5 ^ia z "^^5 ^C5 5***5 5 ^ ^ 

(^Zl 5 ^Z2 5***5 ^ia 5 '^65 5***5 5^)5 


, 5^2 5 * * * 


' ^ (5/1 7 5^2 7 *** 7 5j^ , 5fc+l 5 5fc), 

(■S/l 5 '5/2 5 * * * 


' ^ (5/1 7 5z 2 7 *** 7 5/^ 7 5fc, 

where rt;, re' € /*, 1 < ii, 

5 7 5 * * ‘ 

< rij 1 < j, A: < n — 1, |6 — c 


the sequences appeared above are all reduced sequences.^ 


> 1, and 


Let w € h and , • • • , € S. By definition, it is clear that (s^j, • • • , , w) 

is a reduced sequence if and only if (si^, • • • , , • • • , Sj ^) is a reduced sequence 

for some (and any) reduced /^-expression (sj^, • • • ,Sj^) of w. 

2.13. Definition. Let (sj^, • • • , Sij,, w), (sj^, • • • , Sj,, m) be two reduced /^-sequences, 

where w,u € /*. We shall write ,Si^,w) <—> (sju''' ^Sj^,u) whenever 

there exists a series braid /^.-transformations which transform 

('^Zl 5***5 ^ik 5 5 * * * J ^Ib) 

into (sji, • • • , Sj,, Spi, • • • , • • • , SpJ, where (s/^, • • • , sjJ and (sp^, ■ • • , SpJ are some 
reduced /*-expressions of w and u respectively. Moreover, we shall also write 

(m 5 * * * 5 *fc) ^ ^ (ji 5 * * * 5 Jfe) 

whenever , ■ ■ ■ , SiJ <—;■ (sj ,, • • • , s^-J. 

2.14. Lemma. Let w e /*. Let (si^, • ■ • , Si^.,w) he a reduced sequence. 

1) If \ik-i — ik\ > 1; then (si^, • • • , Sifc „2 5 ^ik 5 ^ik-i 5 ® reduced sequence too, 

and 


Si^ t< Si2 K K W = Sji K Si2 K • • • K K Si^ K Si^_^ K W. 

2) Ifik -2 = ik = 4-i±l, then (s^j, • • • , S 4 _ 3 , , w) is a redueed 

sequence too, and 

S^^ S^.^ ■ ■ ■ tK K K K S 4 K W 

= Sji K Sj2 K • • • K Sifc_3 K Sij,_3 K K K W. 

If w = s^ii, t/ien (si 3 ,Si 2 ,--- , Sij,_ 3 , w, ) is o reduced sequence too, and 

Sjj K Sj2 K • • • K Sij,_3 K Sj^ K W = Sil K Sj2 K ■ • ■ K Sj^,^ K W K Sjj,. 

Proof. 1) This follows from the fact that S 4 _ 3 S 4 = Si,^Si^,_^ and some direct case 
by case check, see also[12. Lemma 3.24]. 

2) It suffices to show that 

Sik X Szfc_i K Sj^ K W = S4_3 K Si^ K Si^_^ K W. 

There are eight possibilities: 

Case 1. Si^w wsi^, Si^_,Si^wSi^ ^ Si^wsi^s^^_, and s^^Si^,_,Si^^ws^^s^^_, ^ 
Szfc_iSi(,wSij,Sij,_ 3 Si^. In this case, we have that 

^ik X « Sif, « W = Sij,Si^_3Si^WSi^Si^_3Si^ = Sij,_3Sij,Si^_3WSij,_3Si^Sij,_3. 


^Note that our assumption that these sequences are all reduced implies that w ^ 1 whenever 
t = 0. 
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Since (si^, Si^,w) is a reduced sequence, it is clear (by Lemma 2.5) that 

J = e{w) + 6. 

So Sj;, and 

By definition, we get that 

Sifc-I X X S4_J K W = = S4 K K S4 K W. 

Case 2. Si^w ^ wsi^, Si^_^Si^wSi^ ^ Si^^wSi^Si^_^ and Si^Si^^_^Si^wSif^Si^_^ = 
Sifc_iSifcWSij,Si^_jSi^. In this case, we have that 

Sjfc X IX Sif. K W Sif.Sif._-^^Sif.WSif.Sif._-^^ Sifc_i Sij, Sij,_ j Sij,_ j . 

Since 

Si;._iSikSi^_-^WSikSik_i = SikSik_iSikWSikSik_i = Sifc_i Sij, WSi*, Sifc_i Sjj, 

= Sik_j^Sik'WSik_j^SikSik_^, 

it follows that Sik_^w = wsik_^. Moreover, since {sik, Sik_-i, Sik,w) is a reduced 
sequence, it follows from Lemma 2.5 that 

^{s,k_^s,kSik_^ws,kS^k-^) = ^(w) + 5. 

In particular, SikSik_^w ^ Sik_^wSik and ^ s^k^ik-i’^^^k^ik-i- 

a consequence, we get (by definition) that 

Sifc_i X S^k X Sife_i X W = Sik_^SikStk-lW^ikSik-l = Sifc X X K W. 

Case 3. SikW = wsik, Sik_^StkW yf SikWSik_^ and 

SikSik_iSikWSik-i ^ Sik_iSikWSik_iSik- 

In this case, we have that 

Sik X Sik_i X Sik X W SikSik_iSikWSik_iSik Sik_-kSikSik_^'WSik_kSik- 
Since (s^^, , s^j,, w) is a reduced sequence, it follows from Lemma 2.5 that 

Ks^k-lS^kSik-lWSkk.^Sik) = l(w) + 5. 

In particular, Sik_^w ^ ws^k^i and StkSik_iWSkk-i ^ Note that 

Sik-iSikSik_iWSik_iSik = SikSik_iSik'WSik_iSik = SikSik_iWSikSik_kSik 
= SikSik_^'WSik_kSikSik_^. 

By definition, we get that 

Sifc_i X S^k X Sife_i X W = Sik_^SikStk-lWSik_^Sik = Sik X Sik_^ K Sik X W. 

Case 4- SikW yf wSik, Sik_kStkWSik = StkWSikSik_^ and 

SikSik_-iSikWSik yf Sik_^SikWSikSik- 

In this case, we have that 

Sik X Sife-i X Sik X UI SikSik_kSikWSikSik SikSik_iSikW. 

Since (si^, , s^j,, w) is a reduced sequence, it follows from Lemma 2.5 that 

^{SikS,k.kS,kW) = e{Sik K Sik_, K S^k X w) = e{w) + 5, 
which is impossible. Therefore, this case can not happen. 

Case 5. SikW yf ws^, Sik_kSikWSik = SikWSikSik_^ and 






In this case, we have that 
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Since (si^, Si^,w) is a reduced sequence, it follows from Lemma 2.5 that 
i{Si^S,^_^w) = i{Si^ K K S 4 K w) = i{w) + 4, 
which is impossible. Therefore, this case can not happen too. 

Case 6. Si^w = wsi^, Si^_^Si^w ^ Si^wSi^_^ and 

In this case, we have that 

Sifc IX Sifc_i K S4 K W = Si^^Si^_^Si^WSi^_^. 

Since 

Sik-iSikSik_iWSik_i = SikSik_iSik'WSik_i = Sik_^SikWSik_^Sik 

= Sik_^WSikSik_j^Sik = Sik_^WSik_^SikSik_j^, 

it follows that SikSik_^w = wSik_^Sik. As a consequence, 

SikSik_iSikW SikSik_-i'WSik WSik_-k, 

and hence 

Sik IX Sifc_i K K W = SikSik_iSikWSik_i = W. 

However, since (sj^, , Sjj,, w) is a reduced sequence, 

£{stk ^ ^ IX w) = £{w) + 4. 

We get a contradiction. Therefore, this case can not happen too. 

Case 7. SikW = wsik, Sik_^StkW = SikWSik_^ and 

SikSik_iSik'W ^ Sik_^SikWSik. 

In this case, we have that 

Since (si^, , s^j,, w) is a reduced sequence, it follows from Lemma 2.5 that 

£{SikS,k_^w) = i{Sik K Sik_^ IX Sik IX w) = £{w) + 4, 
which is impossible. Therefore, this case can not happen too. 

Case 8. SikW = wSik, Sik_^SikW = SikWSik_^ and 

SikSik_iSikW Sik_^Sik'WSik ■ 

In this case, we have that 

Sik ^ Sik_i IX Sik ^ SikSik_-kSikW Sij,_ j Sjj, ICSij, Sik_-iWSikSik Sik_-iW. 

Since (s^, , w) is a reduced sequence, it follows from Lemma 2.5 that 

£iSik-iW) = £iSik IX Sjfc_i IX Skk IX w) = e{w) + 3, 
which is impossible. Therefore, this case can not happen too. 

This completes the proof of the statement 2) of the lemma. 

3) It suffices to show that Sik k Sik±i = Si^ii ix Si*,- By definition, 

Sik±l IX Sik ~ Sik±lSikSik±l = SikSik±lSik = Sik ^ Sik±l, 

as required. □ 

One of the important consequence of the above lemma is the following result, 
which will play important role in the proof of the main result of this paper. 

2.15. Corollary. Let w € /*. Let (si^,--- ,Sik,w) be a reduced sequence. Suppose 
that ik -2 = ik = ik-i ± 1, then either 
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a) 

we 

have 

that Si,^w 


WSif., Sif._ 

l^ikWSif. 

7 ^ Si,.WSif. Sif._f , 




^ik ^ik 

-1 

^ik^^ik^ik- 

-1 ¥= 

^ik- 

f^Sif.WSif. Si,._f^Sif. 


and Si,^_ 

^W ^ WSr^ 

-1 

» Sik^ik-lWSi,._ 

1 7 ^ 

Si,,_iWSif._^Sif., 






ik 7 ^ 

^ik‘ 

Hk-iWSif._f^Si,.Sii. 


or 








b) 

we 

have 

that Si,^w 


WSif^ 7 Sik- 

fSif^WSif. 

7 ^ Sif.WSif. Sif._f , 




^ik^ik 

-1 

Sif^WSi^ Si^ 

-1 

^ik- 

.iSikWSif.Sif._f^Sif. 


and Si,^_ 

,W = WS^^ 

-1 

, 7^ s 

"i-k-l 

WSrk, 




^ik 

-1 

Si,,Si^_,^WS 


^ik‘ 

Hk-i'^^ik ^ik-l ) 


or 








c) 

we 

have 

that Si,^w 

= 

WSif., Sif._ 

fSikW 7 ^ 

SikWSik_f^, 




^ik 

Sik-i^ikWSik. 

-1 ¥= 

^ik- 

■ l^ikWSik_iSii., 


and Si,^_ 

iW 7^ WS,^ 

-1 

? SikSi^_.yWSi^__ 

1 7 ^ 

Sik-iWSik_iSik, 






ik ~ 

^ik‘ 

Hk-iWSif._f^Si,.Sif. 


Proof. This follows from the proof of Lemma 2.14. □ 

2.16. Corollary. Let w € /*. Let (sa,Sb,w) be a reduced sequence. Suppose that 
|a — &| > 1, then either 

a) SaW ^ WSa, SbSaWSa 7^ SaWSaSb and .SbW 7^ WSb, SaSbWtSb ^ SbWSbSa] Or 

b) SaW = WSa, SbSaW ^ SaWSb and SbW 7^ WSb, SaSbWSb = SbWSbSa] Or 

c) SaW 7^ WSa, SbSaWSa = SaWSaSb and SbW = WSb, SaSbW 7^ SbWSa] Or 

d) SaW = WSa, SbSaW = SaWSb and SbW = WSb, SaSbW = SbWSa. 

Proof. We only prove a) as the others can be proved in a similar manner and are 

left to the readers. 

Suppose that SaW WSa, SbSaWSa SaWSaSb. We first show that SbW 7^ WSb. 
In fact, if SbW = wsb then (because |a — &| > 1 implies that SaSb = SbSa) 

SbSaWSa — SaSbWSa — SaWSbSa — Sa'WSaSb') 

which is a contradiction. This proves that SbW wsb- Similarly, if SaSbWSb = 
SbWSbSa, then we shall have that SbSaWSb = SaSbWSb = SbWSbSa = SbWSaSb which 
implies that SaW = wSa. We get a contradiction again. This proves that SaSbWSb 7^ 
SbWSbSa. □ 

In the rest of this section, we shall present some technical lemmas which will be 
used in the next section. 

2.17. Lemma. Let 1 < i < n and w € Suppose that SiSi+iSiW < Si+iSiW. 
Then Si+iw < w. 

Proof. By assumption, 

w~^{i + 1) = + 1) = w~^{i + 2). 

It follows that Si+iw < w. □ 

2.18. Lemma. Let W 2 G /*. Suppose that i{sc+iScW 2 ScSc+i) = ^(^ 2 ) + 4, ScW 2 7 ^ 
W2Sc, Sc+iScW2Sc ^ ScW2ScSc+i and Sc+iW2ScSc+i < W2ScSc+i. Then Sc+lW2 < W2 
and either Sc+iW 2 = W 2 Sc+i or Sc+iW 2 Sc+i < Sc+iW 2 . 
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Proof. By assumption, 

(2.19) i{Sc+lW2ScSc+l) = £{w2ScSc+i) “ 1 = -^(^ 2 ) + 1- 

Suppose that Sc+iW 2 > W 2 . Then £{sc+iW 2 ) = £{w 2 ) + 1 and (2.19) imply that 
there are only the following two possibilities: 

Case 1. Sc+iW 2 < Sc+iW 2 Sc > Sc+i'R' 2 ScSc+i. In this case, we have that 

Sc+lW2(c + 1) > Sc+ir<;2(c) = Sc+lW 2 Sc(c + 1) > Sc+lW 2 Sc(c + 2) = Sc+lW 2 {c + 2). 

Now W 2 Sc > W 2 < Sc+iW 2 and W 2 = imply that W 2 {c) < W2(c+1) < W 2 {c + 2). 
It follows that 

C + 1 = W 2 {c) < W 2 (c + 1) < W 2 ic + 2) = c + 2, 
which is impossible. 

Case 2. Sc+iW 2 > Sc+iW 2 Sc < Sc+iW 2 ScSc+i. In this case, we have that 

Sc+lW 2 (c + 1) < Sc+in; 2 (c) = Sc+lW 2 Sc(c + 1) < Sc+lW 2 Sc(c + 2) = Sc+lW 2 (c + 2). 

Now W 2 Sc > W 2 < Sc+iR ’2 and W 2 = imply that W 2 {c) < W2{c+1) < W 2 {c + 2). 
It follows that 

W2{c) = C + 1, W2{c + 1) = C + 2 < W2{c + 2). 

Combining the above inequality with the assumption that Sc+iW 2 ScSc+i < 'R' 2 ScSc+i 
and W 2 = we can deduce that 

c + 1 = Sc+iScW 2 {c + 1) > Sc+iScW 2 (c + 2) = r<; 2 (c + 2), 

which is again a contradiction. This proves the inequality Sc+ 1 W 2 < W 2 . The 
remaining part of the lemma follows from Corollary 2.6 at once. □ 

2.20. Lemma. Let W 2 G /». Suppose that £{sc+iScW 2 Sc) = £{ 102 ) + 3, ScW 2 ^ W 2 Sc, 

Sc+lScW2Sc = ScW2ScSc+l and Sc+lW2Sc < W2Sc, then Sc+lW2 < W2. 

Proof. Suppose that Sc+iR '2 > W 2 . Then Sc+iW 2 > Sc+i'R' 2 Sc < W 2 Sc. It follows 
that 

Sc+lW 2 (c+ 1) < Sc+lW 2 (c). 

Now W 2 Sc > W 2 < Sc+iW 2 and W 2 = imply that W 2 {c) < W 2 {c-\-l) < W 2 {c + 2). 
It follows that 

U> 2 (c) = C + 1, W 2 (c + 1) = C + 2, W 2 (c + 2) > c + 2. 

Combining this with our assumption that Sc+iW 2 Sc < W 2 Sc and W 2 = we can 
deduce that 

C + 2 = ScW2{c + 1) > ScW2{c + 2) = W2{c + 2), 
which is a contradiction. So we must have that Sc+iR '2 < W 2 . This completes the 
proof of the lemma. □ 

2.21. Lemma. Let w G 6„ and b G {1,2, • • • , n}. Suppose that w{t) < w{t + 1), 
Mt <b. Lf w{b) < b, then w(i) = i, for \ <i <b. 

Proof. By assumption, 1 < w(l) < w{2) < w{3) < ■ ■ ■ < w{b) < b. It follows at 
once that w{i) = i, for any 1 < i < b. □ 

2.22. Lemma. Let w G &n and 6 G {1,2, •• • ,n}. Suppose that w{t) < w{t + 1), 
yt>b. Lf w{b) > b, then w{j) = j, for b < j <n. 

Proof. By assumption, b < w{b) < w{b + l) < w{b + 2) < ■ ■ ■ < w{n) < n. It follows 
at once that w{j) = j, for any b < j < n. □ 
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3. Reduced /,-expression and braid /,-transformation 

A well-known classical fact of Matsumoto ([ 10 ]) says that any two reduced 
expressions for an element in 6„ can be transformed into each other through a 
series of braid transformations. In Lemma 2.14 we have shown that any braid 
/,-transformations on reduced /,-expression for a given w G /, do not change the 
element w itself. The following theorem says something more than this. 

3.1. Theorem. Let w G /,. Then any two reduced It.-expressions for w can be 
transformed into each other through a series of braid I-transformations. 

Proof. We prove the theorem by induction on p{w). Suppose that the theorem 
holds for any w € with p{w) < k. Let w € with p{w) = k 1. Let 
(sc, Sij, Sjj, • • • , Sif .) and (s{,, , Sjj, • • • , Sj ^.) be two reduced /,-expressions for w G 

/,. We need to prove that 

(3.2) {c,ii,--- ,4) <—t ,3k)- 

If 6 = c then by induction hypothesis {ii, - ■ • , ik) <—> {ji, ■ ■ • ,jk) and hence (3.2) 
follows. Henceforth we assume that b ^ c. 

By Lemma 2.2, p{sh k w) = p{sj.^ Sj.^ Sj^f) = k < k 1. It follows from 

Lemma 2.5 that £{sbw) = £{w) — 1. Equivalently, 

£(.^b(.^c ^ ^ ^ ^ ^ik)) — £(.^c ^ ^ ^i2 ^ ^ ^ik) 

Applying Lemma 2.5 again, we can deduce that 

p{sb K (Sc K Sji K K • • • K Sij,)) = k. 

We set io := c. Applying Proposition 2.11, we get that 
Sb X (Sio K Sq K K • • ■ K SjJ = S^g K Sq K K ■ • • K K Si^^^ K • • • K 

for some 0 < a < k. In particular, Si^ k sq k k • • • k k k • • ■ k Sjj, = 
Sjl IX • • • ^ Sjk ■ 

Since 

Sf) K SiQ K K 5^2 K * • * K K K ■ • ■ K K K 5^2 K * • * K , 

it is clear that (5, io, ii, Z 2 , • • • , fa-i, 4+ij • • • , 4) is a reduced /,-expression for w. 

We claim that for any 0 < a < k, 

(3.3) ( 6 , io, ii, i2, * * * ? 4 —15 4+ij * * * ? 4) ^ t {io, ii, 4? * * * ? 4—1? ia, 4+i? * * * ? 4)? 

whenever 

Sb X Sio K Sq K Sj 2 K • • ■ K K K • • • K = Sij, K K K ■ • • K Si^, 

holds. Once this is proved, we can deduce from induction hypothesis that 

(4?4?4?*‘‘ ?4— 1 ? 4+1 ? * * * ? 4) ^ ^ (ji ? j 2 ? * * * , jk) 

because Si^ x x k k k k • • • k k • • • k Sj^., and 

hence (6,4,4,4,--- ,4-i,4+i,-- - ,4) <—s- (&,Ji,j 2 ,--- ,jk)- Composing these 
transformations, we prove (3.2). That is, (4? 4,4, ■ • ■ ,4) —> {b,ji,j 2 , ■ ■ ■ ,jk)- 
The remaining part of the argument is devote to the proof of (3.3). First, we 
assume that a > 0. If |5 — 4| > 1? then by Lemma 2.14, 

Sfc K Sjo K Sji K ■ • ■ K K Si^^^ K ■ • ■ K = Sio K Sfc K Sq K ■ • ■ K K K ■ • ■ K . 

By induction hypothesis, 

{b, ii, 4? * * * ? 4—1? 4+1? * * * ? 4) t (ii? ^ 2 ? * * * ? 4—1? 4? 4 + 1 ? * * * ? 4)? 

and hence 

{b, io, 4? 4? * * * ? 4—1? 4+1? * * * ? 4) ^ t (4? b, 4? 4? * * * ? 4— 1 ? 4+i? * * * ? 4) 

^ ^ (4? 4? 4? * * * ? 4—1? ia, 4+1 ? * * * , ik), 
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where the second “•(—>” follows from induction hypothesis. So we are done in this 
case. Henceforth, we can assume that |6 — zo| = 1. 

Without loss of generality we can assume that b = zo + 1. The case when 6 = fo —1 
is exactly the same and is left to the readers. Let wi := Sij k Sij k • • • k k 
Sia+i IX ■ ■ • IX Sjfc • There are the following four possibilities: 

Case 1. SigWi ^ wiSig and Sb(si„wiSi„) ^ (sigWiSig)sb. In this case, we have 
that 

Since p{sig k (sb k Sig k wi)) = p{sig k (sig k k • • • k s^)) = k, it follows that 
Sig{sb IX Sig K wi) < Sfe K Sig K wi. Applying Lemma 2.17, we can deduce that 
SbWiSigSb < wiSigSb- Now we are in a position to apply Lemma 2.18 so that we 
can deduce that SbWi < wi. Applying Corollary 2.7, we see that wi = Sb« W 2 with 
W 2 € /* and (sb,W 2 ) being reduced. Thus by Lemma 2.14, 

Sb tK Sig X Wi = Sb tK Sig X Sb X W2 = Sig X Sb X Sig X W2. 

On the other hand, recall that 

Sjo Sj! K ■ • • K Sfc = Sh K Sig X Wi. 

It follows that 

Sji K Sj 2 K ■ • ■ K Sfc = Sb K Sig X W2. 

Now using induction hypothesis, we see that ,ik) <—t {b,io,W 2 ), and 

hence (fo, zi, * 2 , •' ’ ? *fe) t(zo, b, ig, 102 ). Composing this with the transformation 
(zo, 5, Zo) ■(—> (b, Zo, b), we can get that 

(fo, H, * 2 , • • • , u) < —5- (b, Zo, 5, UI 2 ) = (b, Zo, z«i). 

It follows that 

^li ^2j * * * j ^a—lj ^a+lj * ‘ * 5 ^ t ( 6 , Zq, Zi, Z 2 , * * * j ^a—lj ^a+lj * ‘ * 5 

as required. 

Case 2. SigWi ^ wiSig and Sb(sioU>iSio) = (siQU>iSiQ)sb. In this case, we have 
that 

Since p(sig x (sb x Sig x wi)) = p(sig x (sig x Si^ x ■ ■ ■ x Si^.)) = k, it follows that 

Sig{sb X s^g X Wi) < Sb X Sig X Wi. That is, s^gSbS^gWiSig < SbS^gWiSig. Applying 

Lemma 2.17, we can deduce that SbWiSig < wiSig. Once again we are in a position 
to apply Lemma 2.20 so that we can deduce that SbWi < wi. Now one can repeat 
the same argument used in the proof of Case 1 to complete the remaining proof in 
this case. 

Case 3. SigWi = wiSig and Sb{sigWi) = (sigWi)sb. In this case, we have that 

Sig X Wl = SigWi = WlStg, Sb X S^g X Wl = SbS^gWl = W1 S ig S b ■ 

Since p(sig x (sb x Sig x wi)) = p{sig x (sig x Si-^ x ■ ■ ■ x Si,.)) = k, it follows that 
Sig{sb X Sig X Wl) < Sb X Sig X Wl- That is, SigSbSigWi < SbSigWi. Applying Lemma 
2.17, we can deduce that SbWi < wi. Hence wiSb < wi as zci = w^^. On the other 
hand, since (sb, Sig, wi) is a reduced sequence, by Lemma 2.5, 

£(stgWiSb) = £(sb X Stg X Wl) = £(wi) + 2, 
which is a contradiction. Therefore, this case can not happen. 

Case 4- SigWi = wiSig and Sb(siozci) ^ (sigWi)sb. In this case, we have that 

Sig X Wl = S^gWl = WiSig, Sb X S^g X Wl = SbS^gWlSb = SbWlS^gSb- 

Since p{sig x (sb x Sig x zci)) = p{sig x (sig x Si-^ x ■ ■ ■ x Si,.)) = k, it follows that 
Sig{sb X Stg X Wl) < Sb X Stg X Wl. That is, SigSbS^gWiSb < ShS^gWiSb- Applying 
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Lemma 2.17, we can deduce that SbWiSb < wiSb- Note that (sb, Si„ ,wi) is a reduced 
sequence. Applying Lemma 2.5 we know that 

^{SbSigWlSb) = ({SbWlSlgSb) = ({wi) + 3. 

It follows that wiSb > ivi < SbWi. Now we have that SbWiSb < wiSb > wi. 
Applying Corollary 2.6, we get that SbWi = wiSb- Since 

it follows that 

Sb ^ SiQ K W\ — ShSi^WiSb — ^ ^ Wi. 

By induction hypothesis, (fo, b, wi) <—> (io, ii, * 2 , • ‘' ) *fc)- It remains to show that 
(b,io,wi) < —5- {io,b,wi). 

Recall that io = c = b — 1. Since SbWiSb < wiSb > wi and wi = imply that 
wi{b) < wi{b+ 1) and SbWi{b) > SbWi{b+ 1), it follows that wi{b) = b, wi(6 + 1) = 
b + 1. Since Sb_iWi = wiSb_i, it follows that Sb-iWi{b — 1) = wiSb-i(b — 1) = 
wi(b) = b, and hence wi(5 — 1) = 6 — 1. There are the following two subcases: 

Subcase 1. There exists some t<b —3 or t>b + 2 such that StWi < wi. In this 
case, we obtain that wi = s* k W 2 with W 2 G /* and {st,W 2 ) being reduced. It is 
easy to see that 

{^b: ^b—l^ ’bVi') t y (^Sbj Sb—lj St^ W 2 ') ^ (-Sb, Sf, Sb_i, XC 2 ) ^ (-Sf, Sb, Sb—1, IC 2 ), 

(sb—1, Sb, ICi ) t y (sb—1, Sb, Sb, XC 2 ) ^ (Sb—1, Sb, Sb, IC 2 ) ^ (Sb, Sb—1, Sb, IC 2 ). 

By induction hypothesis, we have that (sb, Sb, Sb-i, W 2 ) —> {st, Sb-i, Sb,W 2 ) as 
p{sb IX Sb-i K W 2 ) = k. Therefore, (sb,Sb-i,wi) <—5- (sb-i,Sb,wi) as required. 

Subcase 2. For any t<6 — 3ort>5 + 2, we always have that SbWi > Wi and 
hence wi{t) < wi(t+l). In this case, assume that z<;i(5 —2) < 5 — 2. Using Lemma 
2.21 we can deduce that n;i(i) = i for any 1 < i < 5 — 2. Hence w{b + 2) >5 + 2, 
which implies that wi{j) = j for any 5 + 2 < j < n (by Lemma 2.22 again). 
Therefore, wi = 1. Clearly we get (sb,Sb-i) ■<—> (sb-i,Sb) as required. 

Therefore it suffices to consider the situation when wi{b — 2) > 5 — 2. By a 
similar argument as in the last paragraph, we can only consider the situation when 
wi (5 + 2) <5 + 2. 

If 5 + 2 < wi(t) < wi(t + 1) for some t < 5 — 3, then we must have that 

Wi (t + 1) = Wi (t) + 1 because otherwise 5 + 2 < wi (I) < z < Wi (t + 1) implies that 

t < w(z) < t + 1, which is impossible. 

Now suppose that (5 + 2) = 5 — 1 — r, for some r > 0. Then the discussion in 
the last paragraph and the fact that = 1 imply that 

Wi (5 — 1 — r) = 5 + 2, wi (5 — r) = 5 + 3, • • • , Wi (5 — 2) = 5 + 1 + r, 

(5 + 2) = 5 — 1 — r, wi (5 + 3) = 5 — r, • • • , wi (5 + 1 + r) = 5 — 2. 

In particular, wi{b — 2 — r) < b — 2 — r , wi(5 + 2 — r) > 5 + 2 — r. Applying Lemma 
2.21 and Lemma 2.22 we see that wi{i) = i for any i<b — 2 — r or i>b + 2 + r. 
The permutation wi can be depicted in Figure 1 as follows: 

1 b — 2 — rb— 1-r b — 26— 1 b 6+16+2 6+l + r6+2 + r n 


1 6 — 2 — r6— 1 — r b — 2 6— 1 6 6+1 6+2 6+l + rb + 2 + r 




Figure 1 
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Since wi{b—2) = &+l+r > 6—1 = 1 ) implies that Sb- 2 Wi < wi, it follows 

from Corollary 2.7 that wi = Sb -2 x W 2 with W 2 S I* and {sb- 2 ,W 2 ) being reduced. 
Since Sb- 2 Wi (& — 1) = Sb- 2 {b— 1) = 6 — 2 and wiSb- 2 {b — 1) = wi{b — 2) = 6 + r + l, 
we get that Sb- 2 Wi ^ wiSb -2 and hence W 2 = Sb -2 x Sb -2 w 2 = Sb -2 x rui = 
Sb- 2 WiSb- 2 - Furthermore, since W 2 {b — 1) = Sb- 2 WiSb- 2 {b — 1) = 6+1+r and 
W 2 {b) = Sb- 2 WiSb- 2 {b) = b, it follows that Sb-iW 2 < W 2 and W 2 = Sb-i x W 3 with 
W 3 S and (sb-ijW^) being reduced. Since Sb-iW 2 {b) =6—1 and W 2 Sb-i{b) = 
6 + r + l, we have that Sb-iW 2 ^ W 2 Sb-\ and hence W 3 = Sb-i x Sb-i iK W 3 = 
Sb-l X W2 = Sh_iW2S6-l- 

We proceed further by similar argument. Since 1113 ( 6 ) = Sf,_iSh_ 2 ieiSh- 2 Sf,-i ( 6 ) = 
6 + 1 +r and u; 3 ( 6 +l) = Sb_iS{,_ 2 iciS 6 - 2 S 6 -i( 6 +l) = 6+1, it follows that SbWs < W 3 
and 1^3 = Sb X W 4 with W 4 € I* and (sb, 104 ) being reduced. Now we obtain that 
wi = Sb -2 X Sb-i IK Sb !X W 4 and (sb- 2 , Sb-i, Sb,W 4 ) is reduced. Now by induction 
hypothesis and Lemma 2.14, 

j-Sb— 1 , ICl) ^ ^ (^bi-Sb— 17 ^b—2 5 ^b— 15 ^bi JP 4 ) ^ ^ 

(-Sbi ^b— 2 i -Sb —15 ^b — 2 i -Sb; ITj) ^ (-Sb— 2 ; ^bi ^b—li ^b— 2 i ^b: IPj) 

and 

(sb—1, Sb, ICl ) 4 ^ (sb—1, Sb, Sb—2 5 Sb—1, Sb, ICj) ^ ^ (Sb—1, Sb—2, Sb, Sb—1, Sb, ICj) 

4 -^ (sb-1, Sb-2, Sb-l, Sb, Sb-l, mj) <- 1 (sb-2, Sb-l, Sb-2, Sb, Sb-l, Wj). 

Once again by induction hypothesis, 

(sb-2, Sb, Sb-l, Sb-2, Sb, Wj) ^ (sb-2, Sb-l, Sb-2, Sb, Sb-l, Wj), 

This completes the proof of (sb-i, Sb, ici) 4 —> (sb, Sb-i, mi). Hence we complete 
the proof of (3.3) when a > 0. 

It remains to prove (3.3) when a = 0. In this case, we want to show that 
(6, ii, i 2 , • • • ,ik) < —5- (c, ii, i 2 , • • • ,ik)- 

We set mi := Sjj xsi 2 x • • - xsi^,. Since SbXmi = Sc xmi and Sb ^ Sc, it follows that 
Sb X mi = SbWiSb and Sc x mi = ScWiSc, which imply that miSb > wi < wiSc and 
hence that mi(6) < mi(6+1), mi(c) < mi(c+l). Since p(scX (sbXmi)) = p(wi) = k, 
it follows that Sc(sb x mi) < Sb x mi. That is, ScSbWiSb < SbWiSb, which forces that 

SbmiSb(c) > SbmiSb(c+ 1). 

We claim that |6 —c| > 1. Suppose this is not case. Without loss of generality we 
can assume that c = 6 + 1. We have proved that mi (6) < mi (6+ 1) < mi (6+ 2) and 
SbWi(b) = SbmiSb(6 + 1) > SbWiSb{b + 2) = Sbmi(6 + 2). It follows that mi(6) = 6, 
mi(6 + 2) = 6 + 1, a contradiction. This proves the claim that |6 — c| > I. 

Since |6 — c| > I, SbWi(c) = SbWiSb(c) > SbmiSb(c + 1) = Sbmi(c+1) and 
mi(c) < mi(c+ 1). Therefore we can deduce that mi(c) = 6 and mi(c+ I) = 6+1. 
There are two possibilities: 

Case 1. |6 — c| = 2. Without loss of generality we can assume that c = 6 + 2. In 
this case, we consider the following two subcases: 

Subcase 1. There exists some t<6 — 2ort>6 + 4 such that stmi < mi. In 
this subcase, by Corollary 2.7, we see that mi = st x m 2 with m 2 € /* and (st,W 2 ) 
being reduced. By induction hypothesis and Lemma 2.14, we see that 

(Sb,mi) 4 — S’ {sb,St,W 2 ) < - S- {st,Sb,W 2 ), 

(sb+ 2 ,mi) 4—)■ (sb+ 2 ,st,m 2 ) 4—)■ (st,Sb+ 2 ,m 2 ), 

{st,Sb,W 2 ) < —S’ (st,Sb+ 2 ,m 2 ). 

It follows that (sb,mi) —> {sb+ 2 ,wi) as required. 

Subcase 2. For any t<6—2ort>6 + 4, we always have StWi > mi and hence 
wi{t) < mi(t + I). In this subcase, we assume first that mi(6 — I) < 6 — 1. Using 
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Lemma 2.21 we have that wi(i) = i for any 1 < i < b—1. As a result, w{b-\-A) > 6+4, 
which (by Lemma 2.22) in turn forces wi{j) = j for any 6 + 4 < j < n . Therefore, 

wi = (6,6 + 2)(6 + 1,6 + 3) = S{,+iS{,Sh+2Sh+i = S{,+i k k S{,+2. 
Consequently, by induction hypothesis and Lemma 2.14, we can deduce that 

(s5,lCi) i y (sfo, S/j-i-i, Sfo, Sfo-|_2) ^ , Sfo, S/j-i-i, S^-|_2 ) i ^ 

(sh+1, Sfc, Sb+2, Sb+l) < -5- (Sfe+l, Sh+2, Sfc, Sfe+l) <-^ (sfc+l, S{,+2, Sfc+l, Sfc) 

->■ {sb+2, Sb+l, Sb+2, Sb) < -(s6+2, S6+1, Sb, Sb+2) <-^ (sb+2,Wl) 

as required. 

To finish the proof in Subcase 2, we only need to consider the situation when 
wi(6 — 1) > 6 — 1. By a similar (and symmetric) argument as in the last paragraph, 
we can only consider the case when i(;i(6 + 4) <6 + 4. 

Recall that wf = 1 and wi {t) < (t + 1) for any t < b — 2. If wi (t) > 6 + 4 for 
some t <b —2, then (t + 1) = wi(t) + 1 because otherwise wi{t) < q < wi{t + 1) 
implies that t < w{q) < <+l which is impossible. Recall also that wi{b) = c = 6+2, 
wi{b + 2) = wi{c) = 6 and wi{b) < wi{b + 1), wi{b + 2) < wi{b + 3). It follows 
that wi(6 — 1) ^ {6, 6 + 1, 6 + 2, 6 + 3}. In particular, wi(6 — 1) > 6 + 4. We write 
wi(6—1) = 6+3+r for some r > 0. Since wi(6—1) = 6+3+r > 6+2 = wi{b) implies 
that Sb-iWi < wi, it follows that wi = Sb-i k 1+2 with W 2 € /* and (sb-i,W 2 ) being 
reduced. Now we obtain that 

(sb,Wi) < - (sb,Sb-l,W 2 ) 

and 

(Sb+2,Wi) <-^ (sb+ 2 ,Sb-l,VJ 2 ) < -^ (sb-l,Sb+ 2 ,W 2 ). 

By assumption, 

Sb IX S6_1 K 1<;2 = Sb K = Sb+2 IX Wi = Sb-1 K Sb+2 IX VJ2- 

So we are in a position to apply (3.3) in the case when a = 1 (which we have already 
proved). Therefore, we are done in this case. 

Case 2. |6 — c| > 2. Without loss of generality we can assume that c > 6 + 2. 
There are two subcases: 

Subcase 1. There exists some t<6 — 2or6 + 2<t<c — 2ort>c + 2 such that 
StWi < wi- In this case, we obtain that wi = St « W 2 with 1+2 S /* and {st,W 2 ) 
being reduced. By Lemma 2.14, 

(sb,Wl) <- {sb,St,W 2 ) < - {st,Sb,W 2 ), 

{Sc,Wi) < -S- (Sc,St,W2) <-1- (st,Sc,W2)- 

Note that {st,Sb,W 2 ) <—> {st,Sc,W 2 ) by induction hypothesis. As a result, we get 
that (sb,wi) <—> (sc,wi) as required. 

Subcase 2. For any 6<6 — 2or6 + 2<t<c — 2ort>c + 2, we always have 
that StWi > wi- That is, wi{t) < wi(t + 1). 

Recall that Wi=l and we have shown that 

lui(b) = c, wi(c) = b, iui(b + 1 ) = c + 1 , wi(c+l) = 6+I. 

We claim that either Sc-iwi < wi or Sb+iwi < wi. Suppose this is not the case. 
That says, Sc-iwi > wi and Sb+iwi > wi. Then we can deduce that 

c+I = wi(6+l) < wi(6 + 2) < wi(6 + 3) < • ■ • < wi(c —2) < wi(c—1) < ivi(c) = 6, 

which is a contradiction. This proves our claim. 

Suppose that Sb+iWi < Wi. Then wi = Sb+i ix W 2 with 1+2 G /* and (sb+i,W 2 ) 
being reduced. Now we obtain that 

{sb,Wi) i -5- {sb,Sb+l,W2) 
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and 


By assumption, 


{Sc,Wi) < - {Sc,Sb+l,W2) 


('^5+1 : : IT 2 ) • 


Sb K S{,+ 1 K W2 = Sf, K Wi = Sc R'l = S{,+ 1 K Sc K W 2 . 

So we are in a position to apply (3.3) in the case when a = 1 (which we have already 
proved). Therefore, we are done in this case. By a similar argument, we can reduce 
the assertion when Sc-iWi < to a statement of the form (3.3) with a = 1 (which 
we have already proved). Therefore, we complete the proof of the theorem. □ 


4. The lower bound of the dimension of when =»= = id and 

W = 6n 

Recall that * = id and W = ©„■ In this section we shall prove that the dimension 
of is bigger or equal than the number of involutions in ©„. 

It is well-known that is a split semisimple Q(M)-algebra. To recall some 

well-known results in its representation theory, we need some combinatorics. 

A composition of n is a sequence of non-negative integers A = (Ai, A 2 , • • • , A^) 
such that X]i=i The composition A = (Ai, A 2 , • • • , A^) is called a partition 

if Ai > A 2 > • • • > Ac. We use Vn to denote the set of partitions of n. Let A G "Pn. 
The Young diagram of A is the set 

[A] = {(a,c) I 1 < c < Aa,a > 1 }. 

A A-tableau is a bijective map t : [A] —>■ {1,2,..., n}. If t is a A-tableau then set 
Shape(t) = A. A A-tableau t is said to be row (column) standard if the numbers 
1 , 2, ..., n increase along the rows (columns) of t, and standard if t is both row and 
column standard. Let Std(A) be the set of standard A-tableaux. 

Let A,/x G Pn. If t is a standard A-tableau, then let t be the subtableau of t 

labeled by I,..., fc in t. If s G Std(A) and t G Std(^) then s dominates t, and we 
write s > t, if Shape(s ),fc) \> Shape(t ),fc), for A: = 1,..., n. We write s > t if s > t and 
5 ^ i. Let be the unique standard A-tableau such that > t for all t G Std(A). 
Then has the numbers 1,..., n entered in order, from left to right and then top 
to bottom along the rows of A. Let be the unique standard A-tableau such that 
< t for all t G Std(A). Then tv has the numbers 1, ..., n entered in order, from 
top to bottom and then left to right along the columns of A. If A = (Ai, A 2 ,...) is 
a partition then its conjugate is the partition 

A = (A]^, A 2 ,...), 

where A' = #{j > l|Aj > i}. If i is a standard A-tableau let t' be the standard 
A'-tableau given by t'(r, c) = t(c, r). 

It is well-known that is a split semisimple algebra over Q(t 6 ). Following [11, 

2.4], let {/st|s, t € Std(A), A G P„} be the seminormal basis of By definition, 

for any A G P„, s, t, u, 0 G Std(A), we have that 

/st/uo = 

where 71 G Q{u)^ is a nonzero scalar (which can be written down explicitly). 
Furthermore, is a simple left -module. We denote this 

module by . Then | A G Pn} is a complete set of pairwise non-isomorphic 

simple left -modules. 

For any subset J C {1,2,-•• ,n}, we use &j to denote the standard Young 
subgroup of &„ generated by {si\i,i -|- 1 G J}. Let A G P„. The symmetric group 



16 


JUN HU AND JING ZHANG 


6 n acts on the set of A-tableaux from the left hand-side. If i is a A-tableau with 
A e Vn, and w € 6„, we also define 

iw := 

Let A be a composition of n. Let &\ be the row stabilizer of t^, which is the 
standard Young subgroup of ©„ corresponding to 

I\ := {1,2, • • • , Ai} U {Ai -l-1, Ai -l- 2, • • • , Ai -I- A 2 } U • • • . 

Let Hui&x) be the subalgebra of 'Hu generated by {Ti\si € ©a}- If i G Std(A) let 
d{t) be the permutation in ©„ such that i = Let 

Vx := {d G &n\i^d is row standard}. 

Then Vx is the set of minimal length distinguished right coset representatives of 
©A in ©„. For any A,/i G Vn, we set Vx,^ '■= Vx H V~^. Then Vx,^ is the set of 
minimal length distinguished double coset representatives of (©a,©/^) in ©„. Let 
wx G ©„ such that I^wa = Ia- Then wx G Vx,x'- 

4.1. Lemma. Let A G Vn- Then ^ 0 for any t G Std(A). In particular, 

we have that 

dimQ(„)?^«“)Y0 > ^ #Std(A). 

Proof. It suffices to show that /jxp ^ 0 because /ux/ix^x = Ji^fii>- for some 

7ix G Q{u)^. 

By [2, Lemma 1.1], for any w G ©„, there exists a unique element d G &xw&^ 
such that 

d G Pa,^, -w = widw2, wi G ©A, W2 G VxdOfi n ©^, e{w) = i{wi) -f e{d) -j- £(w2), 

where Ad n is the composition of n corresponding to standard Young subgroup 
d~^&xd n ©p of ©„. In particular, 

If wi G ©A, then /ixpTujj = by [11, Proposition 2.7]. If W 2 G ©a', 

then T.u, 2 /txu = (-l)^^“’='^/ixix by [11, Proposition 2.7] again. 

By the above discussion, we have that 

^0= E E 

de'Dx.x' -i«G6xd(I5;,^r,x'n6;,/) 

= E E 

It follows that 

fiH^X^f, 

xtx 

= E ( E /iHxTd/utx 

ii;iG©A d^T>x^x/ W2G‘Dxdnx'^*^x' 

Let d G Ha,A'- We claim that if d~^&xdr] &x> ^ {!}, then /tXtxTd/i^^tx = Cl¬ 
in fact, assume that 1 yf z G d~^&xd fl ©a' yf {!}. We write z = d~^Zid, where 
zi G ©A. Therefore, we get that 

= /tXjxT^jTd/i^^tx = fi^t^T^^dfi^i^ = fi>-i^Td„ft„i^ 

and hence — (—l)^^^^)/tXixT(i/t,^tx=0. Since z yf 1 and hence zi y^ 1, it 

follows that ^ 0 , and hence as required. This 

proves our claim. 


'^™2GX>xdnx'n6x/ 
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As a result, we can deduce that 

lx 

= (E E ( E 

iDieOx ™2eT>xdnx'n6x/ 

d-i6xdn6x. = {l} 

On the other hand, it is well-known that &\W\&y is the unique double coset 
in &\\&n/&y which has the trivial intersection property (see [2, Proof of Lemma 
4.1]), i.e., w^^&\w\ n ©A' = {!}■ In particular, Haidx.a' = &n, and hence 

/lM>^0/lxtx = ( E E 

W2G&X' 

By[ll, Proposition 2.7]and[2, Lemma 1.5], we can deduce that 

/pP^u>A fi^ix ^ ^ ^zft^^i^zJ 

wx>z,t^zGStd{X) 

where S Q(u^) for each z. In particular, 

/oo7k>x/ixtx = 7o/oix 7 ^ 0- 

Note also that both X^mieOx and X]u) 2 eex/are nonzero because 

they have leading terms equal to and where wa,o and wa'.o 

are the unique longest elements in ©a and ©a' respectively. It follows that 

^ 0 , 

as required. This completes the proof of the lemma. □ 

4.2. Corollary. IPe have that 

E #Std(A) = #{w e ©njw^ = 1}. 

\ev„ 

In particular, 

dimQ(„) > #{w G ©„|w^ = 1}. 

Proof. Let 

TT : ©„ —> {(s, t)|s, t G Std(A), A G Pn} 

w i-A (P(w), Q{w)) 

be the Robinson-Schensted correspondence, cf. [1]. By definition, tt is a bijection 
onto the set {(s,t)|s,t G Std(A),A G Vn}, Qiw) = P{w~^) for each w G ©„. It 
follows that 77 induces a bijection between the set /* of the involutions in ©„ and 
the set UAePn Std(A). la particular, X^AePn G ©nlw^ = 1}, as 

required. This proves the first part of the corollary. The second part of the corollary 
follows from Lemma 4.1. □ 


5. Proof of Lusztig’s Conjecture 1.4 when * = id and IP = ©„ 

In this section, we shall give the main result of this paper. That is, a proof of 
Lusztig’s Conjecture 1.4 when * = id and IP = ©„. Recall that {a^lw'^ = l,w € 
©„} is an A-basis of M. 
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5.1. Lemma. The map ai n- Xg can he extended to a well-defined Q{u)-linear 
map rjo from Q{u) M to such that for any w G 1^ and any reduced 

h-expression a = (sj ^, • • • ,Sj^.) for w, 

17o(^'u;) — ^( 7 (^ 0 ) •— dfj i O Ofj 2 O • • • O 0j 

where for each 1 <t < k, if 

^ ^jt+2 i>< ■ ■ ■ Sjj.) ^ (sjt+i ^ ^jt+2 i>< ■ ■ ■ i>< ^jk)^jt ^ ^ '®it+2 i>< ■ ■ ■ 

then we define '■= Tsj^ / while if 

^ '®it+2 i>< ■ • ■ Sjfc) = (sjt+i ^ '®it+2 i>< ■ ■ ■ i>< ^jk)^jt ^ ^ '®it+2 i>< ■ ■ ■ i>< Sjf.), 

then we define 9a,t '■= {Tsj^ — u)/{u + 1). 


Proof. It suffices to show that the operator 9a := 9a ,1 o 9 a ,2 o • • • o 9a,k depends only 
on w and not on the choice of the reduced /^-expression cr = , • • • ,Sjf.) for any 

given w € It.. 

By Theorem 3.1, it suffices to show that 9a does not change under any one of 
the three basic braid /^.-transformations as introduced in Definition 2.12. So there 
are three possibilities: 

Case 1. \jt — jt+i\ > 1 for some 1 < t < fc, and the braid /,-transformation 
sends 

^ “ (®ii) ■ ■ ■ ) ; ^it+1 > ^jt+ 2 ) ■ ■' j Sjj,) 

to r := (sn , • • • , s,.., s,,,,, s,., s,-,,,, • • • , s,.). In this case, it follows from Corol¬ 
lary 2.16 and the fact that that 

9a,t ^ 9a,t-\-l O ' • ' O 9a,k{X(/f^ — 9a,t ® ^r,t+l O • • • O 9a,k{Xgj) . 

Hence 9 a{X 0 ) = 9a{X(/,) as required. 

Case 2. jt -2 = jt = jt-i ± 1 for some 3 <t < k, and the braid /^.-transformation 
sends 

^ j ■' ■ ) ^jt-3 > ®it-2 j > ^it+i > ^it+2 > ■ ■' ) ^jk ) 

to T := {sjt , • • • , Sjt _3 j Sit-i > ^jt ) ) ^jt+i ) ®it +2 j ''' 1 ^jk )■ 

Note that t ^ k because otherwise jk -2 = jk = jk-i ± 1 would imply that 
^ 3 k -2 ^ Sife-i ^ ^ 3 k is not a reduced /,-expression, a contradiction. Therefore, we 
must have that 3<t</ — 1. In this case, we set 


w : 
Zo : 


Then by Corollary 2.15, there are three subcases: 
Subcase 1. Sj^w ^ wsp, sp_,Sj^wsp ^ spwSj^Sj^_,, 

and Sj^_tW 7 ^ wsj^_.^, Sj^Sj^_tWSj^_t 7 ^ 

It follows from Lemma 2.14 and Corollary 2.15 that 



0(7,t -2 0 Oa,t-l 

0 

0 

Oa,t-i-l 

0 da,t +2 

0 .. . 

0 Oa,k 

(^ 0 ) 


= TjJn- 

-iTpZo 

II 

T 


T3( 

-iZo 





= 9a,t-2 

° 9T,t-l 

0 

0 

^r,i+l 

0 9r,t+2 

0 . .. 

0 9a,k 

(^0). 

Hence 9a{X{D) 

31 

II 

as required. 







Subcase 2. 

S 3 tW + WS 

'3W ^3t- 

iSj^wSj^ 7^ 


WSj,Sj,_ 

-1 




Sj^S 


1 


-iSpWS 

it Sit- 

-1 Sit j 
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and 

Sjt-i ^jt^jt-i ■ 

It follows from Lemma 2.14 and Corollary 2.15 that 

()<7,t-2 O Qcr,t-1 O ()<T,t O ^CT,t+l ° &(T,t+2 O • • • O 


U -u . 

u + 1 


U-1 - u , 




— &T,t-2 O &T,t-l ° 9r,t O ^r,t+l ° ^r,t+2 O • • • O 0,-fc(X0). 

Hence dcr(-^ 0 ) = dT(-^ 0 ) as required. 

Subcase 3. sj^w = wsj^, Sj^_^Sj^w yf Sj^wsj^_^, 

7^ ^it-iSjj, 

and 

It follows from Lemma 2.14 and Corollary 2.15 that 

0 a,t-2 O QaU-l ° ^o-,t O ^cr.t+l ° (^a,t+2 O ' • ' O 9a,k(,Xflf) 
Ti. — U Tj , — U 

_ rri rji Jt ry _ Jt — i. rji rji ry 

- - y +1 CtCt-Yo 

= 0r,t-2 O O ^r,t O ^r,t+l O (^T,t+2 O ■ ■ ■ O 9r,k{Xfl^). 

Hence as required. 

Case 3. \jk-i — jk \ = 1, and the braid /^.-transformation sends 


~ (^ti>' 


5 ^Jk-3 > '’jfc-2 ; •^Jk-1 ) •^Jk 


to T := (sjy, • • • , Sj)c _3 , Sjf._2 , Sjfc, )• Without loss of generality, we can assume 

that jk-i = jk + 1. For simplicity, we set a := jk, then jk-i = a -I- 1. 

Let T>{a) be the set of minimal length distinguished right coset representatives 
of ©{a,a-i-i} ia &n- Then it is clear that 


(5.2) 


x^=( Y. ^ 

Vee{„,„+ij ^ ^zG-D(a) ' 

In this case, all we want to do is to show that 

Tg — u Tg — u 

rri <»a + l \r rri *a \r 

^ ^0 ~ -^Sa + 1 I ^0- 

u -I- 1 


u -I- 1 

By (5.2), it suffices to show that 
Tg„., — u 


1 _ „i-(^(w)rp _ rp 

_|_ 2^ Z_^ “ — J-Sa + l 


rri Sa4-- .. 

Tsc. -^ > u 

u 


«'e®{o,a+l} 

By direct verification, we can get that 
Tg .. — u 

rp *a+l 


Tsa ~ ^ 
u +1 ^ 

'U'66{a,o + l} 


■£{'w)rp 

-£ 7/1 • 


M -I- 1 




™e®{a,a+l} 


T ^ TgJTg^^^ + u Tg^^^Tg^ + u Tg^Tg^^^Tg^ 

= {u — u ^)(Ts_^Ts^_^j-|-Ts^^jTg^)-I-(1-|-u-I-u ^ — u ^ — 2u ^)Tg^Tg^^^Tg^ 
Tg„ - u 


= T. 


= T. 


u-bl 
Tg„ - u 


^ + u '-Tg^+u ^Tg^j^^+u ^Tg^Tg^j^^+u ^Tg^^^Tg^+u "^Tg^Tg^^^Ti 


-2r 


~3c 


•Sa + l 


u -I- 1 




™e®{a,o+l} 
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as required. This completes the proof of the lemma. □ 

5.3. Lemma. With the notations as in Lemma 5.1, the Q{u)-linear map rjo is a 
left -module homomorphism. In particular, po = rj is a well-defined surjective 

left -homomorphism from Q{u) (8 >a M onto 


Proof. Once we can prove that rjo is a left -module homomorphism, then it 

follows immediately that rj is well-defined and rjQ = rj because both of them send 
Oi to ^ 0 . 

Since {au,|w G /*} is an .4-basis of M (and hence a Q('u)-basis of Q{u) M), 
in order to show that rjo is a left -module homomorphism, it suffices to show 

that for any w G I^: and any I < k < n, 

(5.4) r]o{Ts^aw) = Ts,^r]o{a,u)- 

We use induction on p{w) to prove (5.4). If p{w) = 0 then w = 1. In this case, 
by the definition of ryo in Lemma 5.1, 

= po{Tskai) = m{ask) = Ts^,X0 = 770 ( 01 ), 

as required. In general, let m € N. Suppose that for any 1 < A: < and any w' € /* 
with p(w') < TO, we have that 

= Ts,po(aw')- 

Now let w € In, with p(w) = m. There are two possibilities: 

Case 1. SkW > w. If SkW 7 ^ wsk, then by the definition of 770 in Lemma 5.1, 

PaifPsh^w') — Po{^SkX.w) — 

as required. If SkW = wsk, then by the definition of 770 in Lemma 5.1, 

^ \ I \ O , , 

V0\ j Z ^w) — VoWsk^Kw) — j z PoWw}- 
M -I- 1 U -I- 1 

It follows that 77o(Tsj,au)) = still holds in this case. 

Case 2. SkW < w. By Corollary 2.7, we can write w = Sk w' with p{w) = 

p(w') -I- 1. In particular, p(w') = p(w) — l = m — l<m. If Skw' w'sk, then by 

induction hypothesis and Theorem 1.2, we have that 

Vo (aw) = VoiTskaw') = Ts,^vo{aw')- 
It follows from induction hypothesis and Lemma 5.1 that 

— ^o((^Sfc) — ^o((^ -\- 11 Q>w'^ 

= {u^ - l)vo{Ts,^aw') + u^Vo{aw') = {u^ - l)^^,, 770 ( 0 ^,/) -I- u^vo{aw') 

~ '^ShTshVoi^wfi = TskVoiTsk^w') = TskVo{(iw)j 

as required. 

If Skw' = w'sk, then 

_ 0 / _ 'll 

VoM = r7o(^y^a„.) = 

u -I- 1 u -I- 1 

It follows from induction hypothesis and Lemma 5.1 that 
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as required. □ 

5.5. Theorem. Lusztig’s conjecture (1-4) is true in the case when * = id and 

w = en. 

Proof. By Lemma 5.3 ,77 defines a surjective left 'H‘®^“^-module homomorphism from 
Q(u) M onto On the other hand, by Lemma 5.1, 

dimQ(„) > #{w G &n\w'^ = 1} = dimQ(„) Q{u) (g)^ M. 

It follows that 77 must be a left -module isomorphism. □ 
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